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Abstrat
An algebrai notion of representational onsisteny is dened. A theorem relating it to
free ations is proved. A metrizability problem of the quotient (a shape spae) is disussed.
This leads to a new algebrai variety with a metrizability result. A onrete example is
given from stereo vision.
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FREE ACTIONS AND GRASSMANIAN VARIETY
DR BURZIN BHAVNAGRI
(Otober 25, 2018)
1. Introdution
One of the famous paradoxes of Zeno is Ahilles and the tortoise. This
paradox an be resolved by the ontinuum hypothesis, from whih is proved
the priniple of mathematial indution. Beause of the priniple of indu-
tion it is diult to onstrut properties whih hold for a set but whih no
members an possess individually.
This paper introdues an algebrai notion of representational onsisteny
from Computer Vision using Shape Spaes [5℄. An existene theorem will be
stated. We will onstrut an example of one of the existene onditions. But
the other existene ondition an only be met if the original set is split. This
is intimately onneted with human vision, pattern reognition and neural
networks. Even this was a problem of onsiderable diulty sine it had
been proved there are no general ase view invariants [8℄ as was previously
mentioned in [21℄. The problem of onstruting a non-trivial example of
representational onsisteny without deomposing the original set remains
unsolved.
The idea bears a little resemblane to the Chinese Room paradox of
John Searle [28℄. Suppose you are in a room in whih you reeive Chinese
haraters, onsult a book ontaining an English version of the aforemen-
tioned omputer program and proess the Chinese haraters aording to
its instrutions. You do not understand a word of Chinese; you simply ma-
nipulate what, to you, are meaningless symbols, using the book and what-
ever other equipment, like paper, penils, erasers and ling abinets, are
available to you. After manipulating the symbols, you respond to a given
Chinese question in the same language. As the omputer passed the Turing
test [26, 27℄this way, it is fair, says Searle [28℄, to dedue that he has done
so, too, simply by running the program manually. "Nobody just looking at
my answers an tell that I don't speak a word of Chinese".
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The idea we will use is this. The ngers of my hand an represent one,
two, three, four and ve; but they an also represent two, one, three, four
and ve respetively. Both these representations exist simultaneously, so we
an pair them up to give the pair one,two repeated twie, and three, four
and ve, whih no longer has the struture of ve elements. From these two
representations whih exist simultaneously, a third an be onstruted also.
But this third representation has four elements not ve, it loses the struture
of ve elements.
I all this idea representational onsisteny both in analogy and to distin-
guish it from logial onsisteny, and beause the existene theorem is based
on the idea of representation theory. Sine I rst ame aross an artile
about the Chinese Room paradox, I felt puzzled about my own paradox for
many years. I had been disovering a number of new theorems sine I was
an intern at Monash University with Alan Pryde. After my honours thesis
with John Stillwell (who is well known for his books like [30, 29℄) I pub-
lished them in [2℄. These theorems onern a method for representing shape
based on an equivalene relation on polygons [2℄. Now ommonly known as
a binary string desriptor [31, 33, 32, 15, 20, 22℄. My dotoral supervisor
Alan Carey notied a problem, something nobody else has notied even in
the ensuing deade, and pointed me in the diretion of Algebrai Geometry
[12, 11, 9, 10, 14, 13℄. My other dotoral supervisor Mihael Brooks intro-
dued me to omputer vision [18, 19℄, partiularly stereo vision. I then proved
the theorem in [4, 3, 6℄ . Some years later, in an attempt to generalize the
binary string desriptor, I disovered that the paradox has a mathematial
resolution.
2. Representational onsisteny
denition 1. Let S be a set that satises a olletion of relations, alled the
struture of S. A representation of S is a one to one mapping from S to
some other spae I, whih preserves the struture of S.
R : S → I (1)
The mathematial resolution to the paradox is provided by onstruting a
mapping analogous to the many mappings like the Pluker map and Veronese
map that an be found in Algebrai Geometry [17℄.
denition 2. Let R1, R2 be two representations of S
∪ (R1, R2) = {(s, {R1(s)} ∪ {R2(s)}) | s ∈ S} (2)
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This denes an operator on mappings whose domain is S but it is not a
linear operator. The representations are pairwise onsistent if for all pairs
of representations R1, R2 the map ∪(R1, R2) is one to one.
The following is a basi existene theorem. The existene follows by
taking the ontrapositive.
theorem 1. Let the automorphisms of S be denoted Aut(S), and suppose
they are a group under omposition, whih ats freely on S . If the repre-
sentations of S are pairwise inonsistent then Aut(S) has elements that are
involutions.
Proof. If the representations of S are pairwise inonsistent then for some
φ1, φ2 ∪(φ1, φ2) is not one to one.
∃s, t ∈ S s 6= t {φ1(s), φ2(s)} = {φ1(t), φ2(t)} (3)
Sine φ1, φ2 are representations they are one to one so
φ1(s) 6= φ1(t) φ2(s) 6= φ2(t) (4)
Sine Aut(S) is a group we have
φ−12 (φ1(s)) = t (5)
φ−11 (φ2(s)) = t (6)
Hene φ−11 φ2φ
−1
1 φ2(s) = s
Sine Aut(S) ats freely on S, id ∈ Aut(S) φ−11 φ2φ
−1
1 φ2 = id
Sine ∪(φ1, φ2) is not one to one and φ1, φ2 are one to one φ1 6= φ2
(
φ−11 φ2
)2
= id (7)
The group Aut(S) has an involution.
3. Group ation and non-metrizability
Astrom [1℄ had shown there are distintively shaped urves whih an be
mapped arbitrarily lose to a irle by projetive transformations, suh as
sillouettes of a duk and a rabbit. It turned out to be related to free ations,
or the lak thereof.
The set of m dimensional linear subspaes of Rn is denoted G(m,n) and
is alled a Grassmanian.
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Let G be the set of (g, d) suh that g ∈ GL(4) and d is n× n diagonal.
The ation of GL(4) × diag(GL(n)) is not free
A 7→ gAd (8)
Example
A =


1 1 1
1 1 2
1 1 3
1 1 5


g =


α
β
γ
δ


d = diag(α−1, β−1, γ−1, δ−1, 1, 1)
gAd = A
Mihael Murray (who is well known for his book on dierential geometry
and statistis [24℄) brought to my attention the literature on Shape Spaes.
He also suggested a trik by whih I might be able to prove the theorem
below.
Theorem
M = {m ∈M4n | ∃4× 4minor 6= 0 ∀i M4i 6= 0}
M/ (GL(m)× diag(GL(n))) is not Hausdor
Consequently no metri exists on M/ (GL(m) × diag(GL(n)))
4. Restrited group ation and metrizability
Let G be the set of (g, d) suh that
g ∈ GL(4) g41 = g42 = g43 = 0 and g44 = 1 (9)
d ∈ diag(GL(n)) n ≥ 4 (10)
Theorem If A ∈M and (g, d) ∈ G
gAd = A⇒ g = Id and d = Id (11)
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This restrited group ation ats freely.
ι : M˜ →M4,n
[
x y z t
]T
7→
[
x
z
y
z
1 t
z
]T
(12)
M˜ = {m ∈M | ∀i m3i 6= 0} (13)
∀g : M˜ → M˜ ∃d gι(X)d = ι(gX) (14)
Theorem The quotient of ι(M˜ ) by the restrited ation is a manifold
and is metrisable
Sketh
X ∈ M˜
Sine G ats freely and X 7→ [ι(X)] is ontinuous and open there is a
neighborhood of the restrited orbit of ι(X) homeomorphi to a neighbor-
hood of the orbit of X in G(3, k − 1)
5. Non-metrizability theorems
denition 3. A Lie group H is said to at properly on a manifold M if and
only if, for all ompat subsets K ontained in M , HK = {g ∈ H | gK∩K 6=
∅} is relatively ompat in H.
theorem 2. If H is a Lie group ating on a manifold M , then M/H is
Hausdor if and only if H ats properly on M .
Proof. Suppose H ats properly on M but M/H is not Hausdor. Consider
x ∈ M , and {gy | g ∈ H} ⊂ M . If there do not exist open sets separating
them, then x is in the losure of {gy | g ∈ H}. So there must be a sequene
giy suh that x is a limit point of the sequene. The set K = {x} ∪ {giy |
i = 1 . . .∞} is ompat. Sine H ats properly {g ∈ H | gK ∩ K 6= ∅} is
also ompat. However, the sequene gi has no limit, so it is not losed in
H. This ontradits the ompatness of HK , so M/H must be Hausdor.
Now supposeM/H is Hausdor. Suppose also thatK is a ompat subset
of M . Sine M/H is Hausdor, if x, y ∈ K belong to dierent orbits then
there are open sets U, V ontaining x, y respetively, suh that U∩gV = ∅ for
all g ∈ H. Thus for eah subset of K belonging to a single orbit, we obtain
an open set overing it that is disjoint from all other suh open sets. In other
words we obtain an open over of K with disjoint members. By denition
of ompatness, this has a nite subover, whih must be the same over,
beause the members were disjoint. Hene K onsists of a nite number of
disjoint subsets Ki eah belonging to a single orbit of H. Eah Ki must
be ompat, otherwise the ompatness of K would be ontradited. Sine
HK = {g ∈ H | gK ∩K 6= ∅} is a nite union of an intersetion of ompat
sets, it is ompat. It follows that H ats properly on M .
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lemma 1. GL(4)× diag(GL(n)) does not at properly on (R4 \ {0})n
Proof. Let K = O(4)× {p} ⊂M4,n.
Take any g ∈ GL(4). It has a singular value deomposition ugdgv
⊤
g with
dg ∈ diag(GL(4)).
Take k = [ v g], vg ∈ O(4), d ∈ diag(d
−1
g , 1, . . . , 1).
Then gkd = ugdgv
⊤
g [ v g] d = [ u g].
So if p is a unit eigenvetor of g, gkd ∈ O(4)× {p}.
Hene HK ontains the subset of GL(4) xing p, whih is non-ompat.
Sine GL(4) × diag(GL(n)) does not at properly on M , M/(GL(4) ×
diag(GL(n))) is not Hausdor. Consequently no metri exists onM/(GL(4)×
diag(GL(n))).
6. Metrizability theorems
In what follows, GL(m) denotes the set of non-singular m × m matri-
es, Id denotes the identity matrix, diag() denotes a diagonal matrix whose
diagonal entries are listed inside the brakets, and Mm,n denotes the set of
m× n matries.
Let M be the set of 4×n matries whih have at least one non-zero four
by four minor and no entry of the fourth row zero. A matrix in M that has
all entries of its fourth row equal to one represents n ≥ 4 points in R3 with
at least four points not oplanar.
Let G be the set of (g, d) suh that g ∈ GL(4) with g41 = g42 = g43 = 0
and g44 = 1, and d is n × n diagonal and non-singular where n ≥ 4. G is a
group
1
under the produt operation (g1, d1) ◦ (g2, d2) = (g1g2, d1d2).
lemma 2. If A ∈M , (g, d) ∈ G then gAd = A implies g = Id and d = Id.
Proof. First we show this when n = 4.
Suppose gAd = A, where A, g, d satisfy the stated hypotheses.
Then A is invertible sine it is 4× 4 and has a non-zero 4× 4 minor.
Multiplying gAd = A by d−1A−1 on the right, we obtain g = Ad−1A−1, so
g is diagonalizable.
Moreover, d−1 is its eigenvalue matrix, and A is an eigenvetor matrix of g.
Suppose v and λ are suh that gv = λv.
Then [
g41 g42 g43 1
]
v = λv (15)
1
G is in fat a Lie group
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⇒ v4 = λv4.
Sine olumns of A are eigenvetors of g and no fourth row entry is zero for
A ∈ M , v4 6= 0. Thus λ = 1. So all eigenvalues of g are equal to 1. Sine
d−1 is the eigenvalue matrix of g, it is the identity matrix. Sine the inverse
of the identity matrix is still the identity matrix, d = Id. Hene also g = Id.
If n > 4, A ∈M has a non-singular 4× 4 minor Ai whose fourth row has
no zero entries, where i = (i1, i2, i3, i4). The olumns i1, i2, i3, i4 of gAd are
gAidiag(di1 , di2 , di3 , di4). The n = 4 ase implies g = Id and di1 , . . . , di4 = 1.
Hene also d = Id.
Let M˜ be the subset of M whose elements (are matries) with no entry
of their third row equal to zero. Let ι denote the map from M˜ to M4,n
whih maps eah olumn
[
x y z t
]⊤
to
[
x
z
y
z
1 t
z
]⊤
. ι represents
perspetive image formation. The fat that no entry of the third row is zero
means that no point in the onguration represented by a matrix in M˜ lies
in the foal plane.
theorem 3. If g ∈ GL(4) with g41 = g42 = g43 = 0 and g44 = 1, X ∈ M˜ ,
gX ∈ M˜ , then there is a unique non-singular n× n diagonal matrix d suh
that
gι(X)d = ι(gX) (16)
Proof. Let
g =


g11 g12 g13 g14
g21 g22 g23 g24
g31 g32 g33 g34
0 0 0 1

 (17)
be an ane transformation.
X =


x1 · · · xn
y1 · · · yn
z1 · · · zn
t1 · · · tn

 ∈ M˜ (18)
so z1, . . . , zn 6= 0, and X is not ontained in a plane.
gι(X) =


(g11x1 + g12y1 + g13z1 + g14t1)/z1 · · · (g11x1 + g12y1 + g13z1 + g14t1)/zn
(g21x1 + g22y1 + g23z1 + g24t1)/z1 · · · (g21x1 + g22y1 + g23z1 + g24t1)/zn
(g31x1 + g32y1 + g33z1 + g34t1)/z1 · · · (g31x1 + g32y1 + g33z1 + g34t1)/zn
t1/z1 · · · tn/zn


(19)
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ι(gX) =


g11x1+g12y1+g13z1+g14t1
g31x1+g32y1+g33z1+g34t1
· · · g11xn+g12yn+g13zn+g14tn
g31x1+g32y1+g33z1+g34t1
g21x1+g22y1+g23z1+g24t1
g31x1+g32y1+g33z1+g34t1
· · · g21xn+g22yn+g23zn+g24tn
g31xn+g32yn+g33zn+g34tn
1 · · · 1
t1
g31x1+g32y1+g33z1+g34t1
tn
g31xn+g32yn+g33zn+g34tn

 (20)
Let
d = diag(z1/(g31x1+g32y1+g33z1+g34t1), . . . , zn/(g31xn+g32yn+g33zn+g34tn))
(21)
Sine the third rows of X and gX have no non-zero entries, d is non-singular.
Multiplying the right hand side of equation 19 by d we see that it equals the
right hand side of equation 20. Thus gι(X)d = ι(gX) whih proves existene.
Suppose (g′, d′) ∈ G suh that g′ι(X)d′ = ι(gX). Then g′ι(X)d′ =
ι(gX) = gι(X)d. Unless g′ = g and d′ = d, (g′g−1, d′d−1) xes ι(X).
ι(X) = Xλ for some λ ∈ diag(Mn,n). Sine X ∈ M˜ its third row has no
zero entries, so λ is non-singular, so Xλ ∈M , ie ι(X) ∈M . By lemma 2.2,
g′ = g and d′ = d.
Thus g and d are unique.
Consider the following ation of the group G on ι(M˜):
θ : G× ι(M˜)→ ι(M˜ ) θ((g, d), ι(X)) = gι(X)d (22)
We will restrit θ to those elements of G × ι(M˜ ) that satisfy gι(X)d =
ι(gX) and gX ∈ M˜ . We will all this the restrited ation of G.
Suppose the fourth oordinates ti of all sene points equal 1. Then ι
beomes invertible.
lemma 3. Let ι(X) ∼ ι(Y ) if there is a g ∈ GL(4) suh that g41 = g42 =
g43 = 0, g44 = 1 and ι(X) = ι(gY ), where X,Y ∈ ι(M˜). This is an
equivalene relation on ι(M˜).
Proof. Suppose ι(X) = ι(gY ), so for eah i
Y1i/Y3i = (gX)1i/(gX)3i (23)
Y2i/Y3i = (gX)2i/(gX)3i (24)
1/Y3i = 1/(gX)3i (25)
Thus Y = gX. Sine the set of g ∈ GL(4) suh that g41 = g42 = g43 = 0
and g44 = 1 are a group, ∼ is an equivalene relation.
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We an therefore see that the restrited group ation partitions ι(M˜)
into equivalene lasses. Thus there is a quotient spae ι(M˜)/ ∼. We will
introdue two lemmas from [7℄ to prove that this quotient spae is a manifold.
denition 4. An equivalene relation on a spae X is alled open if whenever
a subset A ⊂ X is open, then [A] is also open.
lemma 4. The equivalene relation assoiated with the restrited group a-
tion is open.
Proof. Suppose g31 = 0, g32 = 1, g33 = g34 = 0. Then d is of the form
diag(v/w) for vetors v,w, where division is omponentwise, and v 6= λw
for all non-zero λ. All d 6= diag(λ, . . . , λ) an be realized like this. If g31 =
1/λ, g32 = g33 = g34 = 0 then d = diag(λ, . . . , λ). Hene d is surjetive. Let
D be any open subset of the set of non-singular diagonal matries. Sine d in
theorem 3 is a ontinuous funtion of g and X when gX ∈ M˜ , the preimage
of D is an open set of (g,X). Thus the restrition is an open subset of
G× ι(M˜ ), and the restrited group ation is ontinuous. It follows from this
that the equivalene relation is open.
lemma 5. An equivalene relation on X is open if and only if the map
pi : X → X/ ∼, X 7→ [X] is open. When ∼ is open and X has a ountable
basis of open sets, then X/ ∼ has a ountable basis also.
Proof. See lemma 2.3 in [7℄.
lemma 6. Let ∼ be an open equivalene relation on a topologial spae X.
Then R = {(x, y) | x ∼ y} is a losed subset of the spae X ×X if and only
if the quotient spae X/ ∼ is Hausdor.
Proof. See lemma 2.4 in [7℄.
lemma 7. The set
{(ι(X), ι(Y )) | ∃g ι(X) = ι(gY )X, gY ∈ M˜}
is a losed subset of ι(M˜ )× ι(M˜ ).
Proof. Sine ι2 = ι, we an rewrite an equation of the form ι(gX) = ι(Y )
into the form ι(gX) = Y , where Y3i = 1. Then gX4i = X4i so ι(gX) = Y is
equivalent to
( gX)1i/(gX)3i = Y1i (26)
(gX)2i/(gX)3i = Y2i (27)
(gX)4i/(gX)3i = Y4i (28)
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whih is equivalent to
( gX)3iY4i = X4i (29)
(gX)2iY4i = Y2iX4i (30)
(gX)1iY4i = Y1iX4i (31)
Denoting the olumns of X by (xi, yi, zi, ti) and the olumns of Y by
(x′i, y
′
i, 1, t
′
i)
( g11xi + g12yi + g13zi + g14ti)t
′
i = tix
′
i (32)
(g21xi + g22yi + g23zi + g24ti)t
′
i = tiy
′
i (33)
(g31xi + g32yi + g33zi + g34ti)t
′
i = ti (34)
It sues to prove that a sequene Xi, Yi satisfying suh equations on-
verges to X,Y also satisfying these equations. There is a unique solution
to the equations (gX)1iY4i = Y1iX4i if and only if the matrix whose rows
are (xit
′
i, yit
′
i, zit
′
i, tit
′
i, tix
′
i) has rank 4. Sine this matrix is the limit of a
sequene in M˜ , where the limit is also in M˜ , its rank is at least 4. Sine the
determinants of all 5 × 5 minors of the matries in the sequene are zero,
the determinants of all 5 × 5 minors of the limit matrix are zero. Hene
the rank is exatly 4. Similarly, there is a unique solution to the equa-
tions (gX)2iY4i = Y2iX4i. There is always a unique solution to the equa-
tions (gX)3iY4i = X4i. Thus we have shown the existene of g suh that
ι(gX) = Y . It remains to prove that suh a g is non-singular. Sine ι is
invertible, ι(gX) = ι(Y ) implies gX = Y . If det(g) = 0 then Y 6∈ M˜ , a
ontradition.
theorem 4. The quotient spae ι(M˜ )/ ∼ is a manifold, and is metrisable.
Proof. From lemma 7 and lemma 6 we see that ι(M˜) is a Hausdor spae.
From lemma 4 and lemma 5 this quotient spae also has a ountable basis
of open sets. Given any X ∈ M˜ , there is a neighbourhood of the restrited
orbit of ι(X) homeomorphi to a neighbourhood of the orbit of X in G(3, k−
1), beause G ats freely, and X 7→ [ι(X)] is ontinuous and open. Thus
ι(M˜ )/ ∼ is loally eulidean. Coordinate neighbourhoods on ι(M˜ )/ ∼ will
be ompatible beause the orresponding neighbourhoods on G(3, k− 1) are
ompatible. Hene ι(M˜)/ ∼ is a dierentiable manifold. We an use the
metri on G(3, k − 1) to give us a metri on ι(M˜ )/ ∼.
It is atually the ase that a metri exists on any manifold. This is a
deep theorem alled the Urysohn metrisation theorem [23℄.
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7. Conlusion
What we have shown is that the stereo vision group ats freely. This
is almost an example of representational onsisteny, but not if there are
involutions. In general a matrix involution is a diagonal matrix surrounded
on both sides by an orthogonal matrix and its transpose, with all diagonal
entries ±1 but not all 1. Thus if the stereo vision group G is split up (and
neural networks do this kind of thing) it beomes an example of representa-
tional onsisteny. This is exatly like a binary string desriptor.
Roger Penrose argues [26℄ that by use of our onsiousness we are enabled
to perform ations that lie beyond any kind of omputational ativity. In
the sequel [27℄ Penrose exhibits a tiling problem that is non-omputable.
He argues that we perform non-omputational feats when we onsiously
understand. The example of the stereo vision group is a onstrution in this
diretion.
In my letures [6℄ I begin with geometri optis, beause that is essentially
all that one needs to assume. The rest is dedued from mathematis. It is
truly remarkable that optis an reveal something like this.
There is muh more to be said on this subjet. It was reahed via
Kendall's shape spaes, whih oers a beautiful and vivid demonstration
of representational onsisteny. The optis of the eye have been studied
sine anient times, and are being modelled in great detail for example [16℄.
There is a stronger denition of representational onsisteny, whih I have
not overed either. For this automorphisms of free groups are of interest, a
reent artile [25℄. And it seems possible to nd representational onsisteny
in biohemistry.
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